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EXACT MULTIPLICITY RESULTS FOR A SINGULARLY 
PERTURBED NEUMANN PROBLEM 

"<n: 

MASSIMO GROSSI AND SERGIO L. N. NEVES 

o" 

Abstract. In this paper we study the number of the boundary single peak 
^ ■ solutions of the problem 

^ . (-e 2 Au + u = uP, inn 

^ | < u > 0, in n 

Iff = Q, ondn 

for e small and p subcritical. 

^ Under some suitable assumptions on the shape of the boundary near a critical 

1 point of the mean curvature, we are able to prove exact multiplicity results. 

Note that the degeneracy of the critical point is allowed. 

-I— > 

a 
d- 

1. Introduction and main results 
In this paper we are concerned with the following problem 

(-e 2 Au + u = u p , inD, 

\Q. <w>0, in Q (1.1) 

^ 1^ = 0, on dfl 

where Q C R N (N ^ 2) is a bounded smooth domain, 1 < p < ^±§ if iV > 2 
otherwise p > 1 and denotes the outer unit normal at dn. 
CN ■ This problem was first studied in the papers [T2], [TJ], [15], where the authors 

analyzed the asymptotic behavior of the least energy solution of the functional 
naturally associated. Among other results, they proved that for e small enough the 
least energy solution to (11.1[) has exactly one local maximum and concentrates at 
a point P which achieves the maximum of the mean curvature of the boundary of 
fl. This solution is usually called single peak solution. In this paper we use the 
following definition, 



Definition 1.1. A family of solutions u e of (|1.1|) is called boundary single peak if 

e~ N J (e 2 \Vu £ \ 2 +ul)dx s^C V e > 0, 
h 

u £ has exactly one local maximum point P e which belongs to dn. 
Finally we say that u e concentrates at Pq if P e Pq as e —> 0. 

After the work of Ni and Takagi there were efforts to obtain solutions concen- 
trating at other critical points of the mean curvature. Some results in this direction 
can be found in Qj5] for non degenerate critical points, and in [5J, [5] and [TU] for 
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possibly degenerate critical points. There is an extensive literature on this sub- 
ject and it would be impossible to provide a complete list of references. For the 
interested reader we refer to [TJ [T3] and the references therein. 

In this paper we want to estimate the number of single peak solutions of the 
problem which concentrate at a given point P G dfl, without assuming that 
P is a non degenerate critical point of the mean curvature of dfl. 
Actually, for the non degenerate case, we have the following result, 

Theorem (|17|). Let us consider a non degenerate critical point P of the mean 
curvature. Then there exists a unique single peak solution which concentrates at P. 

Therefore the question of number of single peak solutions concentrating at the 
same point becomes interesting when we have a degenerate critical point of the 
mean curvature. 

This study reveals new phenomena which does not appear in the non degenerate 
case. For example, we see that in general there is no uniqueness of the solution. In 
fact, in Section 6, we give an example where there exist two single peak solutions 
concentrating at the same point. 

In order to state the main results we need to require some assumptions on the 
boundary of the domain. 

Assumptions on the domain 

Without loss of generality we may assume that P — is the origin, that xn = 
is the tangent plane of dQ at and v(0) = (0, . . . , 0, — 1). We make the following 
assumptions on the shape of dQ around 0. 

There exists ro > such that, in a neighborhood of 0, dVL is the graph of a 
function ib(x'), x' G l^ 1 with the following properties: 

i>(x') = Q(x')+R(x'), V|x'|<r (1-2) 

where Q is a smooth function defined in all which satisfies, for some real 

number a ^ 3 

Q(tx') = t a+1 Q(x'), Vi>0, Vi'e R^" 1 (1.3) 
and R is a smooth function satisfying, for some j3 > a and C > 

\D k R(x')\^C\x'f +1 -M, V|x'|^r (1.4) 
for all multi-index k ~ (fci, . . . , &at) with |k| ^ 4 where |k| = k\ + • • • + kjy and 
D k R — k f lR kM . 

In some cases we also consider the following condition 

VAQ(x') ^0 V x 1 e S N - 2 . (1.5) 

Note that some crucial computations in the proof of our main results use the 
above parametrization of the boundary of f2. In fact, unlike other papers in this 
subject where the mean curvature plays a crucial role, here the leading term of 
some important expansions involves the derivatives of the function Q. 

Let us introduce the following vector field C : IR^ -1 — - > l^ -1 with components 

AO=f / ^vf + ^—^W^W^'W 

,N-l 

(1.6) 
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where Q is defined in (|1.2|) and U £ H 1 (R N ) is the unique solution of 

{-All + U = U p in R N 

U>0 inR w (1.7) 

U(0) = max {t/Yz)}, 
x£R N 

which is well known to be a radial function which decays exponentially together 
with its derivatives up to third order (see [3] and [9]). Note that the integrand in 
(fl~6|) is in L 1 ^- 1 ) by the exponential decay of U and \VU\. Set 

3 = {£' G M^ -1 such that £' is a stable zero of £} , 

the definition of stable zero that we use here is the same as in [7] . We recall it here 
for the reader's convenience. 

Definition 1.2. Let £ 6 CQR^ 1 , R N - r ) be a vector field. We say that £ is a 
stable zero for £ if 

(i) £(£o) = 0, 

(ii) £o is isolated, 

(iii) If C n is a sequence of vector fields such that \\C — C n \\c(B T {z )) — > 0, for some 
r > 0, then there exists £„ G £>r(£o) such that £ n (£n) = and — > £o- 

We are now able to state our main result. 

Theorem 1.3. Let Q be a bounded domain satisfying the conditions (|1.2[) - (jl.4p . 

and suppose that #S < oo. Then there exists Eq > such that for any < e < Eq 

# {Single peak solutions of (jl.ljl concentrating at 0} (1-8) 

7/ we suppose, in addition, that the domain satisfies (|1.5|) and i/iai for any £' 6 
I"" 1 sucA i/iai £(£') = it holds 

det Jac £(£') ^ (1.9) 

t/ien t/iere exists Eq > suc/i i/iai /or any < e < £o we /lave 

# {Single peak solutions of (jl.ll) concentrating at 0} = (1-10) 

Note that (|1 . 10|) applies also if S = 0. In this case we have that there is no 
solution concentrating at (see Proposition 17. 2\i . 

The proof of Theorem 11.31 relies on the classical Lyapunov-Schmidt reduction, a 
tool widely used in this kind of problems. 

The paper is organized as follows: in Section [2] we introduce the variational 
setting and prove some important estimates. In Section[3]we perform the Lyapunov- 
Schmidt reduction and in Section 2] we prove (|1.8p of Theorem 1 1.31 In Section [5] we 
recall some useful properties of single peak solutions and prove a crucial estimate 
on the rate of P £ — Pq. In Section [6] we give the proof of (|1.10[) . In Section [7] we 
provide some examples and applications of Theorem II .31 Finally, we conclude with 
an Appendix with some technical details. 

Notation 

x ■ y denotes the scalar product of x, y G l w ; 
B p {y) = {x E R N : \x - y\ < p}; 
S N = {x G R N+1 : \x\ = 1}; 
Id denotes the identity operator; 
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VF denotes the gradient of the functional F; 
D m F(xo) the m-th derivative of F at xq; 
#5 denotes the cardinality of the set S; 
u + = max{0, u}; 

C, Co, To denote various constants independent of e; 

h = 0(f(e)) means that < C as e — > 0, where C is independent 

of e; 

h = o(f(e)) means that h (/(e)) 1 — > as e — >• 0; 

ij!(P) = W l > 2 (V), for a domain 2? C R N is the standard Sobolev space; 
(u\v) H iip\ denotes the inner product of u,v G i/ 1 (X'). 

2. The Variational Perturbative Setting 
First we make a change of variables to transform the problem in 51 into a problem 

in n £ = in. 

'-Ait + u = u p , n E 

< u > o, n e (2.i) 

so that if « e (x) is a solution of (|2.1j) then w e (|) is a solution of (jl.ip . 

Solutions of (12.11) are critical points of the functional I £ G C 2 (i? 1 (n e ),R) 

W = \ J (|Vu| 2 + u 2) _ _1_ | (2.2) 

Next we construct a manifold Z £ C iJ 1 (n e ), of class C 2 , consisting of pseudo- 
critical points for I s in the sense that ||i^(,z)|| is small for all z G Z £ . 
Let U G i? 1 ^) be the solution of and let Z e be defined by 

^ = {C/ c = C/(--e)|^e9n e }. (2.3) 

The tangent space to Z e at is denoted by Tu s Z £ and can be written as 

T U( Z £ = Span ffl(0e) {%f/ 6 . . .,9^^} . (2.4) 

Hereafter <9j ; denotes t^- and {ei, . . . , ejy— 1} are N — 1 linearly independent tangent 
vectors to d£l E at £. 

Lemma 2.1. Given R > i/iere exists So > and C > swc/i i/ioi /or 
< e < e and for all £ G dfl E . £ = (£', ~^>(e£')) iwi/i < i? we /iaue 

||I^)||<C £ <* (2.5) 
||#(^)[g]||<C e a ||g[| (2.6) 

/or every q G T\j^Z e , where a is the same number appearing in (|1.3|) . 

Proof. Before starting the proof, we remark that this kind of result can be found in 
p~3| Proposition 18]. The difference is that, since our domain is "natter" we obtain 
estimates of order e a . Moreover, for our purposes, it is important that the constant 
C is uniform for £' in a fixed ball. 
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First we prove (12. 5p . Integrating by parts and using (|1.7j) we can write, for any 



dv 



■vda. 



dit c 



Now we divide 5f2 e into two parts, dfl E n Bro (0) and 9fi e \Sra(0). In the latter 

s e 

set we use the exponential decay of and its derivatives, plus the trace inequality 
(with a constant independent of e) to obtain 



dv 



vda 



< Ce - ||f|Ui(n e ) 



(2.7) 



ao e \s^, (o) 

for some c$ > 0. In £?ro (0) we use the function ip to parametrize 
and the fact that VU(x) = U'(\x\)-^ to write 

du if u'{\y-z\) 



dv ^ = " \y-i\' ^ V ~ ^ ' V = ( y> ' ^ £y '^ 



where 



dv 



do; 

U'Qy-t\) 



(V^(ei/'),-l) 



v/i + IW^ey')! 2 

So, by (11.31) . (|1.4[) and the Mean Value Theorem, one finds that 



, , ^ , ,„ . y' - ?, U{ey') - -m') ) • (Wtofl, -l) 

< C , ' (\y'-am£y')\ + -Mzy , )-m')\ 

\y -C\ V £ 

< Ce- A ^'-«'i ( £ <VI Q + + IvvW + - y')))\) e e (o, 1) 

< Ce- A i«'-«'i e Q + |y? + ly' - + W - Z'\ p ) 

< Ce a e AR e- A l I ''l (|y'| Q + ly'l 73 + i?") s? Ce Q e -^'l (2.8) 
The above estimate and the trace inequality yield 



dUs. 
dv 



vda 



an e nBro (o) 



Ce a \\v\\ HHnE 



(2.9) 



By (H3) and (g^J we obtain ([23)1 . 

Let us now prove (EU). We take a = (o, . . . , 1, . . . , 0, J^(e£')) , i = 1, . . . ,iV— 1 
as a basis of the tangent space to dil £ at £ = (£', ^ip(e^')). In this form, the 
directional derivatives are given by 

oei dy, dyw dy t 
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and then, using again (|1.2j) . 



dU 6 


dUp 


de l 


dyi 



0(s a ). 



H 1 (n e 



Recall that 0(e a ), as e — > 0, is uniform in £' since |£'| ^ R. We claim that 

' dUp 
de. 



dIJ 

■^1 ) =C %+O(e") i,i=l,...,AT-l, 



where §ij — 



(2.10) 



(2.11) 



and Cn > 0. 



By (|2.11j) it suffices to prove (|2.6|) only for q = 



v e H 1 ^) then 



Il9;||jfi(r2 e) 



% = ai- Let 



.IMIffM^) 



Ik, 



9ei 



dei 



dUp 
dyi 



• Vv + — ±v -pUr 1 — ±v dy 
dyi <in ' - 



. dUe dm TT n-idU, , , 
-A— -i + — ^ - P C/ f p 1 -— i u dy 



+ 0(e a )\\v\\ 
d dUp 



dv dy l 



vda 



+ 0(e a )\\v\\ 



d dU £ 



dv dyi 



da\ \\v\\ + 0(e a )\\v\\^Ce a \\v\\ 



(2.12) 



where we again used the exponential decay of the derivatives of U just as in (|2.7j) 
and (|23| (see Appendix EJ . 

It remains to prove (|2.11j) which is a straightforward calculation. Using the 
Mean Value Theorem and the exponential decay of U one can prove that, for 
i = 1,...,N- 1 

dUp dU? 



dyi dyi 



= 0(e c 



(2.13) 



H 1 (n e 



where U £ > = o) (see Appendix [C|l . Thus by (|2.10|) and (|2.13j) it sufhces to prove 



dU £ > 
dyi 



dU t > 



dyi 



3 / H 1 ^) 



In order to do this we write 



dUp 



dyj 



J / ff 1 (f2 e ) 



C ^+O(e Q ), /../ 1 V 1. 



% 3% dyt dyj 



(2.14) 



(2.15) 



.0£/>' -dUf dUp,dU f , 



■ V 



dyi dyj dyi dyj 



v — — . v- 5 1 4 5 



dyi dyj dyi dyj 
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After a change of variables the first integral on the right-hand side of (|2.15p can be 
written as 



„6U „dU dU dU 
V • V 1 

% dy 3 dyi dyj 



Now we estimate the other integrals on the right-hand side of (|2.15|) . We will 
estimate only the integral which involves the first order derivative, the other is 
completely analogous. Away from their values are exponentially small in e so it 

remains to estimate them in Aro = |(y',j/Ar) \y'\ < ^ , |yjv| < ^| 



dU 6 , dU e 



dyi dyj J % dyj 

i™\Ji 5 )nA a (!i e \E^)nAT, 

£ £ 

~o^~(y ,VN >~dy~( y >yx) d yNdy 

J J exp(-\(\y' -e\ + \y N \))dy N dy' 

|y'|<a 

\rHey')\ 



^ C 



dy N dy' 



s^C J e - A|a '-«' 1 J e- xlvN Uy N dy' 



\y'\<^ 
1 



-A|y'-«'| 



ip(ey') 



dy' 



^° J ' 

\v'\<^ 

^Ce a e XR I e- x \ y '\\y'\ a+l + \y'\ fj+1 )dy' 



RN-1 



^ Ce a . 



□ 



3. The Lyapunov-Schmidt Reduction 

As in [1] [13] we look for critical points of I £ in the form u = z + w with z G Z e 
and w € W = {T z Z e )^ . If V : H x (VL e ) W denotes the orthogonal projection 
onto W, the equation I' £ (z + w) = is clearly equivalent to the following system 

(ri& + w) = o, 

\(id-v)r e (z + w) = o. 1 ' ' 
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We decompose 

W= (T^Z 6 )^ = Wi ®W 2l Wx±W 2 

where Wi = Span ff i (ne) {VU f } and W 2 = (Span H i (!:2e) |[/ 5 , . . . , 5^7}) • 

The following two Lemmas are well known see (101 Proposition 1.2], see also [13j 
Proposition 19]. 

Lemma 3.1. Given R > there exists C > and Eq > smc/i i/iai 

l"(l^)[v, v] ^ C|M| 2 , /or every v £ W 2 (3.2) 
/or a/Z £ = (£', If I ^R andO<e <e . 

Lemma 3.2. Given R > i/iere exists C > and £0 > suc/i i/iai 

^'([/e)[Ws,p[/dl^c||w«ll 2 (3-3) 

for all £ = (e, ^(eC)), \C\ «S R and < e < e . 
Consider the operator 

L^=TI' E '(Us)\ w :W ^W. 
As a consequence of Lemmas 13.11 and 13.21 one can prove 

\\L St t(v)\\>C\\v\\ Vv€W. (3.4) 
Therefore, for e small, L £) j is invertible and 

KeK^- (3-5) 

This property allows us to perform a finite-dimensional reduction of problem 
(gUD on the manifold Z £ '. 

Proposition 3.3. Given R > i/iere exists £0 > and C > smc/i i/iai /or 
a ^ £ ~ V'feO) ^ wi£a £'| ^ R and < e < £0 £/iere exists a unique 
w = w(e,£) 6 smc/i £/ia£ I' e (U^ + w) G Tjj^Z 6 . Moreover the function w(s,£) is 
of class C 1 with respect to £ £ <9f2 e and satisfies 

\\w\\ ^Ce a (3.6) 

sCCV" /or » = 1,...,JV- 1 (3.7) 

where 7 = min{l,p — 1}. Moreover, the function $ £ : -Br(O) n 9f2 e — > R defined by 

V$ £ (Co)=0 =► ^(y fo +«;(£,&)) = 
Proof. This is well known, for example we refer to [H Proposition 2.1]. □ 

4. Estimate of the number of critical points 

In this section we give the proof of the first part of Theorem 1 1.31 

Proof of (TO]) . We take R > such that 5 C 5^(0) C R w_1 and £ > such that 
all the results of the previous section hold true and R < ^ for < e < £0 . 

By Proposition 13.31 it suffices to estimate the number of critical points of the 
functional $ £ : B R (0) n dfl e -> K defined by $ e (£) = 7 e (Z7g + w(e,£)). One has 

%$ e (0 = (7 E (LT ? + + d (i w) . (4.1) 
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Next we write 



Wt +w) = I' s (Ut) + I'J(Ut)[w] + R(t w) 



(4.2) 



where 



and 



r(Z,w) = I'M +«0 - We) - WdV 



R(Z,w)[v] 



{U e + wf + - t/f - P Uf l w 



By the inequality 



(a + bf + -a p + -pa p + - L b\ < 



C\b\P 



for p ^ 2 



C(|&| 2 + |6|p) forp>2 



for all o,ii€R such that |a| ^ M with constant C = C(p, M) we have 



\m,w)\\^c{\\w\\ 2 + \\wr) 



(4.3) 



Hence 



%$ E (o = {We) +i , E '(u 6 [w\\d ii u i + o(e (i+7)Q ) b y e^-ed and eaj.ea, 

= (7^([/ c )|%^ + %«;) + (4'(C/ ? )H|%f/ c + d 6i w) + 0( £ ( 1+ ^ Q ) 

= {i' e {ud\ d ii u i + + (-^'(^Ml^?) + o(e (1+7)Q )b y dm-USS) 

- (4(C/ C )[%^ + %«;) +0(e (1+7)Q ) by g@ 
= (4(t/ c )|%C/ ? ) + 0{e {1+ ^ a ) by and (£3 
dU 6 



We) 



dyi 



+ 0{e ( - 1+ ~ l)a ) by (EH) and (230) 



(4.4) 



As in the proof of Lemma 12.11 we write 



Wi) 



dU 6 
dyi 



i)0. L - 



dv dy,, 



da 



dv dyi 



da + O (e~^ 



(4.5) 
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and evaluate the above integral using the function ip to parametrize the portion of 

0n £ inGm = {{y'^{ey')) I W\ < r f} 

J ^ y) ly- {v)dav 

VU £ (y\ U{ey')^ ■ (W^(ey'),-1)^ [y' , -^{ey'^j dy' 



G m n9fi 



\v'\<^ 



\v\<- 

dU 



N-l 



d yj \ e e J d Vj 



dy 



N 



y' - -^{ey') - -^') 

e e 



e e 



c9y 



(4.6) 



By Taylor's Theorem we can write 



dU 



i 



l 



dU 



dy 



^- (y' - f , -V>N') ~ -^)) =^(V'- e, 0) 
oyN \ e e J ayn 



By (|4.4I) , (|4.5[) , (I4.6[) and the expansions above we infer 

/ JV-l 



dU 
dyi 



\v'\<^ 



£^ (y' - 0) \^sy>)\ dy' + 0(e (1+7)Q ). 



(4.7) 



By (JO), {O} and $T3$ we have 



dy 



V-l V J 



(2/ - ?, O)Q(y') */ + 0(e^ Q ) + O(e^) 



77- (2/ - o) ^(y' - o)Q0/ W + o^-) + o(^ Q ) 
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Integrating by parts we get 

„ N-l 
L K jv_i 3=1 



d 2 U dU dUd 2 U 



dy l dy J dy 3 dyi dy\ 



{y -Z',0)Q(y')dy' 



N-l 

0{e (} - a ) + 0(e 7Q ) 



R N-1 



+ 0{e p - a ) + 0(e 7Q ) 



d_ 

dyi 



1, 

- VU[ 
2 



p+ 1 



(2/-£',0)Q(yW 



+ 0(e' 3 - Q ) + 0(e 7Q ) 



and integrating by parts once more we obtain 



%<M0 = £ Q 



i 



IVC/I 



1 



1 



0Q, , 



T ^ +1 j(y',o)^(y' + Ody' 



+ 0(e^ a ) + 0(e 7 ") 



(4.8) 



It is important to observe that the terms of order 0(e^~ a ) and 0(e ia ) go to zero 
uniformly with respect to £' G -Br(O). 

Let £q G S. By definition of stable zero there exists £' s — > £q such that V$ e (^) = 
and consequently U^ e +w(e,^ e ) is a solution of ()2.1[) . where £ e = -V'C^e)) £ 
dtl . 

To finish the proof we have to show that two different stable zeroes generate two 
different solutions. Let and be two different stable zeroes of £ and let u\ >e 
and U2, e he the solutions generated by and respectively. 

Using elliptic estimates, one can prove that the error term w(e,£ E ) satisfies 



IHe,£ £ )||L~(fi e ) 



as e -> 0. 



(4.9) 



We have 
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and e £ -> (^,0), e e -»• (ea.O) as £ ^ 0. 
By gjj 

Ui^g) — ► U(0) 
«a, B (£)—>l/(£-& 0)^17(0) 
which completes the proof. □ 

Remark 4.1. It is easy to prove that these solutions U^ c + w(s, £ E ) are boundary 
single peak solutions, i.e., they have exactly one local maximum point in f2 e which 
lies on dfl e . See [THl Lemma 4.2] or the arguments used in |14) . 

5. Properties of boundary single peak solutions 

We start this section by deriving some Pohozaev-type identities that will be 
useful later. 

Lemma 5.1. Let <p £ C 2 {V) be a solution of 

-Acf) + (j> = (j>P, V 
0>O, V (5.1) 

. t; = °> dV 
where v = (y\, . . . , Vn) is the unit outer normal vector field on dT>. Then 

J {— + T-—i)^ da = (5 - 2) 

dV 

y I,— + Y-i-n) yjUida= J \— + ^-jTi) mVida (5 - 3) 

/or o//i,j e {1,...,JV}. 

Proof. Testing (|5 . 1 1) with the function J^- W e obtain (|5.2[) . and testing (|5.ip with 
jf^Uj where i ^ j, we have 



Since V (J^) = V (||) W + where = (0, . . . , 1, . . . , 0), we get 

■ v "s - + 0« — a % d y + / ^~^~ d v = 

d /IV0I 2 2 , [ d<f> d<f> , 

% + T - —i) y > dy = -J % 5^ 

" - ay 



P+lJ" 3 J 



V 2 2 p+lj" 3 J d yi dy 3 

which proves (|5.3p . □ 
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Proposition 5.2. Let u £ be a family of boundary single peak solutions of (jl.ljl 
concentrating at and let v e {x) = u e (ex) be the corresponding solution of (|2.ip . 
Then 

(i) v E (x) = U(x — +Lj e (x), where \\^J s \\ c i(n E ) ~ * ® as e ^0, 

(ii) u e (x) ^ Cexp ^— A x ^ j , for some A > 0, 

(iii) \Vu e {x)\^T expf-A^' 



If we suppose also that the domain satisfies the conditions (|1.2p - (|1.5p i/ierc we 
/iaue i/ie crucial estimate 

\Pe\ = 0{e). (5.4) 

Proof, (i) follows by [T51 Theorem 6.1], see also [TBJ. To prove that ||w £ || c i/£^ — > 
we use the exponential estimates (ii) and (iii). 
(ii) and (iii) follow by [TTJ Lemma 2.1]. 

Proof of (|5.4p . First of all let us note that to prove (|5.4p it suffices to show that 
|f| = O(e) because (^(f )| ^ C|f | a+1 - By contradiction, assume that there exists 
a sequence e„ — > such that 

If I 

^d^oo where P e = (f >(f )). (5.5) 

e„ 

Setting fj = f and w n (?/) = u En (s n y + P n ), then ?;„ satisfies 



-Aw„ + v n = yP, Q„ 
— n 

du 

P, 



(5.6) 



where fi n = fi En -. We have 6 d£l n V n and iVi(O) = maxw n . 

We write dfl n = {{y\ ^(e n y' + fj - ^(fj) ||y'l < ^ } in a neighbor- 
hood of 0. 

By (ii) and (iii) we have 

w»(y) + |W„(iO| <<?e" A K (5.7) 
In a neighborhood of on we have 

i/(y) = _ )/ 1 (v^(e wl / / + &),-!)• (5-8) 

Vl + |V^(e n y' + ^)| 2 

Using (|5.7p and (|5.8[) . we have that (|5.2I) for z; n becomes 

l»'Ki5r (5.9) 



^(e„»' + Od» / = 0(e--). 



5% 

By Taylor's Theorem we have 

+°(4i?;rvi 3 ) (s.io) 
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which substituted into equation (|5.9|) gives 

h,n + h,n + h,n = 0(e»l&| Q ~ 3 )- ( 5 - U ) 

By (pT2l for v n with j = N and by t[577|) it follows that 

^_g (a / (^ + |_^i) ( ,,l W£ „ 9 . +{;) _, (a))d , 

= % (U y v ^ + y-^ttJ^ 

-"(•-*)■ 

(5.12) 

We claim that 

Ia, n = o(lCr _1 4)- (5-13) 
Let us assume for a moment that (|5 . 1 3[) holds. Then the assumption (|5.5p implies 
that 

h,n + h,n + h.n = 0(£ 2 n \Q a - 2 ), (5.14) 

and then 

4 -&)('•>■■* + *>-**») 



D 2 g(C)M', £n y']dy' = (4|Cl a - 2 ) 



(5.15) 



where we have used (|1.2l) - (ll.4p 
Finally we rewrite (|5.15|) as 

'| Wn| 2 Vn g 

2 2 p- 



si) (^.± w «.^ + o-*(a) 



^(§)^ w = 0(1) 



and passing to the limit we get 



l|vrrrl2 , 1 rr 2 1 r rp+l A /„,/ n \ n 2 r„.l „,/1 7/ 



where 



|Vtff + -f/ 2 - — r^ +i (2/', 0)^-^(0^,2/']^' = (5.16) 
2 2 p + 1 / az/j 



£n _ /- a N-2 



n— too 



Moreover, since for k = 1, . . . , N — 1, 



iV 



R JV-1 

31 / Q|vc/| 2 + ^ 2 --l T c/^ 1 )( y ',o)| y '|W>o, 
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we get from ()5.16j) that 



dO 

A^(C)=0, for j = l,...,N-l, 



which gives a contradiction to (JTT5J) . 
It remains to prove (|5.13p . Set 

f\VvJ 2 7? " p+1 



V 2 



— 2 — p+1 \ i 



l»'l<igr 

for k = 1, ... t N- 1, thus 



h.n = £nV-— (£ n ) • a„ 



(5.17) 



and by f|5 . 1 T[) . to prove the claim it suffices to prove that \a n \ — o(e n ). In order to 
do this, we use ()5.3[) for v n with i = N and j = k 6 {1, . . . , N — 1} to obtain 



^( M '+O*'+0( e -S). (5.18) 



By Taylor's Theorem 



a>n,k 



Vf "^-£i)('.>«'+*>-*«:>>) 



[vv>(0 • y' + o(e»)] 



^(C)vO-2/W + ^ n ) 

= T n k ■ a n + o(e n ) 



where T n>k = -^(^)V^(^) and |T B|fc | 
By (|5.19l) we infer 



(5.19) 

as n -> oo for ic = 1 , . . . , N — 1 . 



N-l 



in\ < l^fcHOnl +o(e„) 



fe=i 



\a n \ < - — ^jv-ii^ — ' = °( £n >- 



i-Et v =ilT„„ 



The proof is now complete. 



□ 



Remark 5.3. In general, the assumption (|1.5|) can not be completely removed. Oth- 
erwise (|5.4j) might not hold. Here we give an example. 
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Let ft = Bi(0) in R 2 and u £ be a family of boundary single peak solutions of (jl.ip 
with peak P e and P e — > Pq; we can define u e (x) = u e (Q e x) where 8 e : M 2 — ► R 2 is 
a rotation by an angle 8 e , and e — > as e — > 0. 

Then w e is also a family of boundary single peak solutions of (11.11) with peak 

P e = Q^ 1 P e — > Pq. But we can choose 9 e — > in such a way that Pe ~ P °^ — > oo. 

Proposition 5.4. Let w e &e a family of boundary single peak solutions of (jl.l|) and 

let e„ be a sequence which goes to zero. Suppose that the domain satisfies conditions 
(|1.2|) - (|1.5p . Then, up to a subsequence, if P n denotes the peak of the solution u En 
we have 

— — KM (5.20) 
where £' E satisfies £(£') = 0. 

Proof. Let us write P n = (€' n ,ip(£' n )), it follows from (|5l| that |£J = 0(e„). By 
(|1.2|) and (11.41) we have IVK^JI ^ C|^£„l" +1 so : U P to a subsequence, we have 

dS2DJ. 

Let v n (y) — u n (e n y) be the corresponding solution of (|2. 1[) . Since P„ — » then 
for n sufficiently large we have < ^— . Next we use the identity (15.21) for v n 



p + 1 



v j da = j = l,...,N (5.21) 



where v = (vj) is the unit outer normal field on dfl £n . Now we divide dCl Bn into two 
parts, dQ £n = Ga U (dft £ „\G^) where Ga = { (y', i^OnZ/')) I < §^}- 

By Proposition 15.21 the integral on ^<9f2 eil \Gm) is exponentially small, so (|5.21[) 
becomes 

J £d«*-° <•*> 

which implies 

Finally, using (|1.2[) - (|1.4[) . we have 

for j = 1, . . . ,N — 1. Now we use (|5.20j) . the properties of v n stated in Proposition 
I5.2l and Lebesgue's Dominated Convergence Theorem to pass to the limit in (|5.24l) . 
and to get 

/ Ql™H 2 + ^-^r')(»'.0)g (! /W^ (5.25) 
for j — 1, N — 1, which means that £(£,') = 0. □ 
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6. AN EXACT MULTIPLICITY RESULT 

The aim of this section is to prove the second part of Theorem 11.31 

Proof of (jl.lOjl . By (fl~8j) we already know that 

# {Single peak solutions of (jl.ip concentrating at 0} ^ #S. (6-1) 

Suppose, by contradiction, that (|6.ip is a strict inequality. Since #S < oo, by 
Proposition 15 .41 there exists £' € S, a sequence e n — > and two distinct single peak 
solutions u 1 _ n and -u 2 ,n of (|1.1[) with e = e„ such that if Pi iTi and P 2 .n are their 
peaks, we have 

l im ^ = (£',0) = lim (6.2) 

n— s-oo n— >oo 

Since ^ it2, n we can consider the function 

^n(y) = I, [H y G (6-3) 

where vi iTl (y) = ui, n (e n y) and V2, n {y) = U2, n (£nU) are the corresponding solutions 
of d2T]). By Proposition IS31 



IKn - ^ellci^) ~> > IKn - ^S'llci(n e „) -> asn-^oo (6.4) 
where f7^(-) = U(- - (£',0)). Then <j) n satisfies 

J -A0 n + (f> n = c n (y)(j> n , ft £n 

Vfr-o. «v. (6 ' 5) 

where 

l 

cn(y) = P J (tviM + (! - *K™(t/)) P-1 dt. (6.6) 



Again, by Proposition [5T2J ||c„ — pU^r 1 \\co(q j -> as n -> oo. By the arguments 
used in the proof of Theorem 3 of [12] we can prove that <f> n — > <j> in Cf oc (R+ ) where 
6 is a bounded solution of 



— „ „7 (6J) 



Standard arguments imply that <fi = X^i* a i~Sy~ ^ or some constants a, 6 K. By 
(|5.2p we have 



which we rewrite as 



- ^idcr = / '■ 1 ■ '■ — Vjdo~ 

1 3 i 2 2 p+1 3 



(Va n (y) • V0„(y) + a n (y)(j) n (y) - b n (y)<f> n {y)) Vj(y)da = (6.8) 



<9f2 E 
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where 

1 

a n(y) = 7;(vi, n + v 2 ,n)(y), b n (y) = J (tv^ n (y) + (1 - t)v 2 , n (y)) P dt. (6.9) 



K - Mc^J -> 0, ||6» - ^Hco(n Sn ) ( by Proposition O ) . (6.10) 

We want to pass to the limit in (16.81) . To do this we first observe that by definition 
\4> n \ ^ 1 and also max{|V0 n | ; dVt En } is uniformly bounded (to check the last claim 
one can use the diffeomorphism which straightens the boundary portion near a 
point P G f2, as in [TJ1 [TJ1 [T5] , then apply Schauder's estimates near the boundary, 
see for example [BJ Chapter 6], to the corresponding elliptic equation satisfied in a 
hall ball as well as the C 2,a uniform regularity ol the domain). At this point, using 
(16.101) and Lebesgue's Dominated Convergence Theorem, we can proceed as in the 



3.11) 



prool ol Proposition 15.41 to pass to the limit in (|6.8|) and conclude that 

J (vu e • + ~ u^) ( y ', o)^-(y'W = o 

k jv-i J 
since <fi = X^i* a i~E~^~ we nave : f° r anv J : = 1> • • • ; N — 1 



dyi 

N-l 

1=1 RJV-l 



(y',0)^-(y')dy'=0. (6.12) 



From (|1.9p we get that the linear system (|6 . 1 2[) has only the trivial solution and so 
(f> = 0. _ 

To obtain a contradiction we consider a sequence y n £ fi £n such that |</> n (y n )| = 
[|0n|U°°(n en ) = 1- If Vn G and 0(y„) = 1 (<f>(y n ) = -1) we have A<f> n (y n ) 
(— A(j) n (y n ) ^ 0) and by (|6.5[) , in any case, c n {y n ) > 1. If y„ G <9£! £ll we also 
have c n (y n ) ^ 1 because of the boundary condition in (|6.5p . II y„ is bounded 
a contradiction arises since <j> n — > = in C ; 2 oc (M^) and if |y„| — > oo we have 
c n (yn) — > (because ||c n — II o° (?! ) — ^ 0) which contradicts c n (y n ) ^ 1 and so 
the theorem follows. □ 

7. Examples and applications 

We would like to present some applications of the previous results. 

Example 7.1. Suppose that N = 3 and that ip(xi, x 2 ) = x\ — X\x\. Then by 
direct computations we infer that 

£(6,6) = (4c 4 + 30c 2 ^ - 6c 2 £ 2 2 , -12c 2 £i&) (7-1) 

where 

c ro = | (^\VU(y\0)\ 2 + ^U 2 (y\0)--^ J U^ 1 (y',0)\y^dy'. (7.2) 

R 2 

Notice that 

c m > if m is a positive even integer (7-3) 
c m = whenever to = or m is odd. (7-4) 
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We left these calculations to the Appendix [A] In this case it is easy to check that 



a = {(°.V^)'(°'-V^)} 



and that 



j-^eo :;S£). m 

Clearly, by Theorem (|1.3p . in this case (jl.ip admits exactly two boundary single 
peak solutions concentrating at P = 0. 

Proposition 7.2 (Non existence result). Suppose that, in a neighborhood ofO, O 
is the graph of ip(x') — a j x 'j : ' where aj € K. \ {0} and otj 3 are positive 

integers. If at least one of the integers aj is odd then there is no boundary single 
peak solution of (jl.ip concentrating at P = 0. 

Proof. It suffices to look at the j-component of £ 

A(0 = «*oj / Q|Vtr| a + ^-^ I C^ 1 )(y' ) 0)(y i + 6-) a '- 1 dl/ 



a j a j ( ) Cfc ^ J fsee (I7.2p for the definition of a-) 



k=0 

I a j ~ x \ /-a, -l-2fc 



^ \ -,/, J C 2< J by (El. 

fe=l ^ ' 

Observe that all terms in the last sum have the same sign and by (|7.3I) we conclude 
that £(£') 7^ for all £' 6 l^ 1 . Therefore the Theorem follows from Proposition 
IQ1 □ 

Theorem 7.3. Suppose that O C K 2 is a C°° domain and let Pq € 90 6e a poirrf 
sitc/i i/iai H(Pq) = 0, where H denotes the mean curvature of dtt. Suppose also 
that the function H has a nonzero derivative at Pq, then (jl.ip possesses at most 
one boundary single peak solution concentrating at Pq . More precisely, if m is the 
order of the first nonzero derivative of H at Pq then 

(i) If m is odd then there is no boundary single peak solution of (|l.ip concen- 
trating at Pq ; 

(if) If m is even then there is exactly one boundary single peak solution of (|l.ip 
concentrating at Pq . 

Proof. Without loss of generality we may assume that Pq = and that <90, around 
0, is the graph of a function ip(t) such that i/>(0) = = V>'(0). Since the dimension 
N equals 2, the mean curvature is actually the curvature of a plane curve given by 
the formula 

mMm = H{t) = (i+ n*) mi . (7 . 6 ) 



Since H has a nonzero derivative at then, by (|7.6p . ip also has a nonzero 
derivative at 0. If m denotes the order of the first nonzero derivative of H at 0, we 
claim that m + 2 is the order of the first nonzero derivative of ip at 0. Indeed, let 
n denote the order of the first nonzero derivative of ip at and write 

H(t) = i>"(t)g(t) where g(t) = - ] 

(1 + (V>'(t)) 2 )2 
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Now we use the Taylor expansion for H, ip" and g to write 

— H { - m \0)t m + O(\t\ m+1 ) = ( , 1 , t ^ n) {0)t n - 2 + 0{\t\ n - 1 )) (l + 0(|i| 2 )) 
to! \ (n — 2)! / 

= j^y^ n) (o)t n - 2 + o(\tr i ) 

which readily implies that n — 2 = to. So we can write 

M t ) = __,W,(™+2)( V™+2 + (\t\ m+3 ). 

(m + 2)! 

By the condition H(0) = it follows that to ^ 1. If to is odd then the result follows 
by Proposition 17. 21 while if to is even we have 

C(t) = ^ (ro+2) (0) / (\\ VU \ 2 + -U 2 ~ —IJV+ 1 ) ( yi 0)(y + tr +1 dy. 
' (to + 1)! J \2 l 1 2 p+1 / Atf ; y 

R 

As in the proof of Theorem O by ([775 jl -(f7T^ |) . it follows that S = {0} and that 
£'(0) ^ 0. Now the result follows by Theorem O □ 

Appendix A. The proof of (|7.3p and (|7.4j) 
We recall the definition of c m 



yf<V i=l,...,iV-l. 



If to is odd then c m = since the integrand is odd in the variable yi. It remains to 
evaluate the integral when to = 2k, k G {0, 1, 2, ... }. First we write v(y') = U (y', 0) 
and g(y') — i^Jf(y',0). By the radial symmetry of U we have 

jv-i Q 

9 (y>) - £ 



\v'\ 2 ' 

Observe that v £ i? 1 (K Ar_1 )\{0} satisfies the following equation 

-Av + v-v p = g inM^ -1 . (A.l) 

_ „ 7/ 2 ' ! + 1 

Testing (|A.1|) with we obtain 

I { - Av + v - v) W>uTi dy = J g dy-2TT-i dy 

R N-1 R JV-1 

' f "° ^ f&£i 



Vv • V 



% 2k + 1 / v y % 2fc + 1 7 y % 2fc + 1 



since 

,,2fe+l \ / o„, \ ,,,2/c+l 



ft yf +1 \ „ / ft^ +1 , ft, . , fc 



%2fc + l j V {dyJ 2k + l + d Vl Vl 6l 
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where a = (0, . . . , 1, . . . , 0), then (|A.2[) becomes 

dv 



Vv • V 



dv r,dv\ y, 
v— v F 1 — 



dy% J % dyij 2k + 1 



2k+l 



2k+l 



dv yf 

dyi 2k + 1 



dv 
dyi 



yf; 



d yi \2 l 1 2 p+l 



^ dv dv Vj yf^ 



2fc+l 



2k + 1 



' ^ d yj d yi (2k + l)\y>\ 



dv 
dyi 



P+l ) y 2k _ 



yhf +2 



-l 3=1 



„2fc+2 

l|y lj \y'\ 2 ' 



and then we infer 



-|VC/(y',0)| 2 



+ ^ 2 (y',o) - -^-rU*> +1 (y',o))yf = 

2 p+l ) 



1 



1 



,,2fc+2 



2k + 1 

and the proof of (|7.3[) and (I7.4p is now complete. 

Appendix B. The proof of (|2.12j) 
We have to prove that, for i = 1, . . . , N — 1 



d dU e 



dv dyi 



da 



()[:') r..i- ; ■ : U,~^>«) j ■ li'l /?• (13-1 ) 



By the exponential decay of U and its derivatives, it suffices to estimate the integral 
on dn £ n .Bio (0). We have 



dU 5 dU ^ Vi-ti 

% (y) = % (y - c) = C7(|y - cl) F^ 



and 
Since 



(tf) = U"(\y-Z\) 



(yi-&)(yj -Q) 
|y-£l 2 



+c/'(|y-ei) 



12/ — €1 



(yi-&)(yj -&) 
|y-£l 3 



Ky) = 



(W(ey'),-1) 
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we get 



d dU^ 



dv dy l 



(y) 



v/i + IWNOI 5 



U"(\y-Z\)\+ lU '^_^ )l ):Vr(.V) 



iw-ei 



-|^( £ </)-V<«)l 



by (fO]) . (|L4|) and the Mean Value Theorem 
^ e a {\yV + \yr + R> 3 ) ( p „q y _ m+ \U'(\y - $|)| 



\v-Z\ 



Hence, 



d dUi 



dv dyi 



da ^ 



_2n 



\u"(\y-m 2 (\yV + \yf + &) 2 dy' 



{^^)\\yT + \yr + R^dy' 



i+ y ic/%-ci)i 2 d2/'r+iyr+^w 

{\yX + \y'f + R p ) 2 dy' 

\y'-i'\^ 



and (jB.ll) follows. 



Appendix C. The proof of (|2.13jl 
We want to prove that, for i = 1, . . . , N - 1 and £ = (£', |^( £ 0) > W\ < # 









dyi 



0(e a ) 



(C.l) 



H!(a s ) 



where Ug — U^i y 

By the Mean Value Theorem we can write 



du 1 _di hL = _i ( , } _^_ 

9yi e dy t dy N 



V - 2/a - -^(eC) ) for some 6 G (0, 1) 
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and then 



dUi dU e 



dy < Ce 



2,i 



d 2 u 6 



dy 



< Ce 2a | exp ( - x(\y' - £'| + \y N - ~^(e?)\) \dy 

k jv V / 

< Ce 2a J exp ( - X\y' - exp ( - X\y N - ^(e^)\)dy 



<; C£ 2« e A|C'| e A|^i| f e -X\y\ dy 
R N 

< Ce 2Q . 
Similarly we can prove that 



dyt dyi 



dy < Ce 



2n 



and (jC.lj) follows. 
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